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Abstract
This paper contains a novel approach to observational equivalence for coalgebras.
We describe how to dene weak homomorphisms, weak bisimulation, and investi-
gate the connection between them as well as the relation to the known theory of
bisimulation for coalgebras. The ultimate result of the paper is the correctness-proof
for a weak coinduction proof principle.
1 Introduction
In recent years the theory of coalgebras gained attention in theoretical com-
puter science, see [12,3] for well-written and extensive introductions. Among
other applications, coalgebras provide semantics for classes in object oriented
programming and specication [7,4]. This idea is exploited for coalgebraic
specication, e.g. in ccsl [9] but also in the work of C. C
^
irstea [2].
Coalgebras are usually seen as generalisations of transition systems and
one of the greatest advantages of this generalisation is that it delivers stan-
dard notions like bisimulation, observational equality and modal operators
"for free". However, some parts of the overall picture are still missing. When
1
The authors acknowledge the support by grants from the DFG within the PhD and
Postdoc Programme GK 334 "Specication of discrete processes and systems of processes


















considering processes as transition systems the notion of weak bisimulation
appears naturally (see [5]) but it is not obvious how to introduce it in the
general setting of coalgebras.
One of the applications of weak bisimulation is the verication of pro-
tocols. Nowadays, many protocols are implemented in higher programming
languages. The denition of weak bisimulation for coalgebras could provide
means to verify properties of protocols that are implemented in object-oriented
languages.
The initial work in weak bisimulation for coalgebras was carried out by J.
Rutten in [11] where he proposed a notion of weak bisimulation for coalgebras
of the functor F (X) = X +O , and proved the validity of a weak coinduction
proof principle. The present paper introduces notions of weak bisimulation,
weak homomorphisms and weak coinduction for coalgebras of weak pullback
preserving functors.
The next section contains a short introduction to weak bisimulations as
well as some basics about the categories Set and Rel. The third section
introduces a way to specify the observable parts of a coalgebra. These ob-
servable parts of coalgebras are then used to dene weak homomorphisms and
weak bisimulation in Section 4. In that section, we also investigate the rela-
tion between both notions, as well as the relation to (strong) morphisms and
bisimulation. Finally, we prove the validity of weak coinduction for coalgebras
of functors that have a nal coalgebra.
2 Preliminaries
Let us briey recall one of several equivalent approaches to weak bisimulations
for labelled transition systems. Let L be a set of actions,  2 L a hidden action
and O = L n fg the set of observable actions. A labelled transition system
hQ;L;Ri consists of a set of states Q, a set of labels L, and a transition




we denote an l-transition from p to
q, i.e. hp; l; qi 2 R. By p ) q we denote that there exists a possibly empty
sequence of  -transitions that leads from p to q.
Denition 2.1 [Weak Bisimulation] Consider labelled transition systems Q
and Q
0
over the given set of labels L. Then   QQ
0
is a weak bisimulation
between the two systems if the following holds:
(L
1
) if ha; a
0








such that hb; b
0

















) if ha; a
0















) symmetric to (L
2
).







category Set whose objects are sets and morphisms are functions, and the
less familiar category Rel whose objects are sets and morphisms are binary
relations. Recall that for an object X in Rel the identity arrow is the diagonal
relation 
X
, and composition in Rel is composition of relations. Relations





g = fbg. Clearly, Set is a subcategory ofRel and the embedding
is the obvious one that takes sets to themselves and functions f : A B to
their graphs grf(f) := fha; f(a)i j a 2 Ag.
It is folklore that Rel has neither arbitrary limits nor arbitrary colimits,
but it has products and coproducts. It is easy to check that Rel has weak
pullbacks of functions, and that the Set-pullback of two functions f and g is a
weak Rel-pullback of f and g. However, even for functional morphisms, Rel
does not always have (strong) pullbacks.
As usual, Set
F
denotes the category of F -coalgebras and coalgebra mor-
phisms. Our constructions will often produce non-deterministic behaviour
which we prefer to model inRel. Hence, we are interested in Set-endofunctors
that extend to Rel in a reasonable way.
Denition 2.2 [Rel-extension, Relator] A Set-endofunctor F : Set Set
is extended by a Rel-endofunctor G if
(1) For all sets S, G(S) = F (S).
(2) For all functions f : X Y , G(grf(f)) = grf(F (f))
A relator is a Set-endofunctor that can be extended by someRel-endofunctor.
Interestingly, relators are just functors that preserve weak pullbacks in
Set (see [1] and [10]), and relators also preserve weak pullbacks in Rel. If a
Set-endofunctor F is a relator, then the extension is unique, which is why we
denote the extending Rel-endofunctor of a relator F by F as well. The action
of the functor on relations R  X  Y is given by F (R) = F (
2









are the projections of the relation R.
Denition 2.3 Given a relator F , a relational F -coalgebra is a pair A =
hA;i where A is a set and  is a Rel-morphism  : A F (A), i.e.  
A F (A).
A function f : A B is a morphism between F -coalgebras A = hA;i









Obviously, relational F -coalgebras together with functional morphisms form
a category, which we denote by Rel
F
.







and only if there exists a (relational) coalgebra structure  : R F (R), such


















Note that our category Rel
F
only has functional morphisms between coal-
gebras. For an approach that considers also relational morphisms between
relational coalgebras, see [10].
SinceRel
F
is concretely isomorphic to Set
PÆF
, it has many nice properties.
To name a few, note that Rel
F
has coproducts, the strong Set-pullback of
two homomorphisms f : A C and g : B C is a bisimulation between A
and B. The image hf; gi(C) = fhf(c); g(c)ijc 2 Cg of two homomorphisms
f : C A and g : C B is a bisimulation between A and B. The graph of
a function f : A B is a bisimulation between A and B if and only if f is a
homomorphism from A to B.




. In fact, it is a matter of taste and readability. Some of
our notions generate nondeterministic behaviour as a relation, and translat-
ing relations into appropriate functions makes things harder to read. This is
especially true, if relators are applied to relations, and if relations are com-
posed.
3 Specifying the Observable Part of a Coalgebra
When considering weak bisimulation for transition systems, the hidden tran-
sitions are always distinguished by some label (usually ). In the case of
coalgebras, the non-observable part of the coalgebra needs to be specied. In
this section, we propose a semantical way based on hiding parts of the type
functor. This is in contrast to the approach in [8], where the syntax tree of
the type functor is used to specify the hidden parts of the functor.
Denition 3.1 [Natural Relation] Let F and G be relators. A family  =
(
X
 F (X)  G(X)) of relations is called natural relation if and only if for












Denition 3.2 [Natural Divisor] Let F and G be relators. Then G naturally







natural relation  = (
X
 F (X)  G(X)) such that all 
X
are epi in Rel
except possibly for X = ;.
We shall also write  : G 4 F to stress that  is a witness for the fact that
G divides F .
We will use special natural relations to specify the hidden transitions of a
coalgebra:
Denition 3.3 [Natural Accessor] A natural accessor of a relator F is any
witness  of the division Id 4 F . Explicitly, it consists of a family of relations

X
 F (X)X that is natural with respect to functions.
The idea of natural accessor stems from [6], where it is referred to as
natural relation. The notion of natural divisor is inspired by the notion of
divisibility in semigroup theory but the precise relationship between the two
notions is beyond the scope of this article.
The notion of a weak bisimulation is based on the premise that the system
shall be allowed to perform certain unobservable actions (see [13]). The ability
of the system to perform unobservable actions in our approach is modelled by
what we call skip relations which are just families of relations indexed by
Set
F
-coalgebras that are invariant under homomorphisms.





is a skip if for every Set
F
-




is a binary relation on the carrier of the
coalgebra, and the family of thus selected binary relations has the following
property: for every pair of Set
F
-coalgebrasA and B and every homomorphism
f : A! B between A and B, the diagram in Fig. 1(a) commutes in Rel.
The lemma below lists some obvious properties of skips.
Lemma 3.5 (1)  dened component-wise by 
X
:= fhx; xij x 2 Xg is a
skip.























Proof. (1) and (2) are obvious, while (3) follows from the fact that the com-
position of relations distributes over arbitrary unions of relations. 2
We are interested in skips generated by silent actions in coalgebras. Such
skips are constructed with the help of a natural accessor, which in our model
represents a way to specify the unobservable transitions of systems under
consideration.
Lemma 3.6 Let  be a natural accessor. Then each of the following is a skip














































































denotes the reexive transitive closure of























denotes the transitive closure of a binary
relation.
Proof. Let f : A ! B be an arbitrary homomorphism between Set
F
-coal-
gebras A and B. We have to show that all the above relations commute with
f .
(1) follows from the fact that f is a homomorphism and that  is natural
with respect to functions (see Fig. 1(b)).
(2) follows by induction, where (1) contains the case n = 1 and the induc-







has the property (see Fig. 1(c)).













































= f Æ 
A
:
(4) is similar to (3). 2
Denition 3.7 Given a natural accessor  for F , the skip relation (3) shall
be referred to as the canonical skip induced by .













4 IdF are divisors of IdF such that
all G
i
are relators, and  is a natural accessor of F .
The idea of the previous denition is to let the divisors G
i
dene the visible
parts of F , whereas the natural accessor  shall capture the hidden transitions.













; i of a functor



























Denition 3.9 [Observable Part of a Coalgebra] For a Set
F
-coalgebraA, and















 A  G
i





































; i Æ 
A
.
The observable part of  with respect to the whole observer O is the
relation 
o

















We shall dene the Rel
O






To see how observable parts of a coalgebra are obtained in a concrete set-
ting, see the example about weak bisimulation for labelled transition systems









) in a functional way obviously leads to a much more
complicated description of A
o
.
4 Weak Morphisms and Weak Bisimulations
In this section, we use the previously proposed notion of observable part of
coalgebras to dene weak homomorphisms and weak bisimulations. We pro-
ceed by showing that for the right choice of observer, the notions of weak
bisimulation for coalgebras and weak bisimulation for labelled transition sys-
tems coincide. The end of the section is devoted to a weak coinduction.
4.1 Weak Homomorphisms
Denition 4.1 [Weak Homomorphism] A function f : A B is a weak













Actually, a weak homomorphism between functional F -coalgebras is just
a Rel
O












into itself and the composition of two weak homomorphisms is again a weak
homomorphism. Hence, given a functor F and an observer O for F , functional




. Note that Set
O
F
is a full subcategory of Rel
O
. We use this at the end
of the paper, where some constructions we are going to perform might lead
to objects outside Set
O
F
, but still within Rel
O




is closed w.r.t. some usual constructions, in this case coproducts.







is the observable part of the Set
F
-coproduct
of A and B.
Proof. Follows from the fact that A+B is the coproduct of A and B in Rel,
from the fact that skips commute with strong morphisms, and from the fact
that the transition structure of the coproduct is the only transition structure
that turns inclusions into homomorphisms. 2
The previous lemma justies that we use the notation A + B for the co-
product of A and B in Set
O
F
- it is just the same as the coproduct in Set
F
. It
is also easy to check that for coalgebras A, B, and C in Set
O
F
, and for weak
morphisms k : A C and l : B C there is a unique weak morphism [k; l]













Denition 4.3 [Weak Bisimulation] A relation   AB is a weak bisimu-
lation between F -coalgebras A and B w.r.t. to the observer O, if and only if




























. The following result relates strong
and weak bisimulations:
Proposition 4.4 If  is a bisimulation between functional F -coalgebras A







Proof. Follows from the fact that skips commute with morphisms.
2
The following sequence of results follows directly from the fact that Rel
O
is concretely isomorphic to Set
PÆO
.
Proposition 4.5 Given a relator F and an observer O, consider F -coalgebras
A, B, and C, with weak homomorphisms f : A C and g : B C. Then
the Set-pullback of f and g is a weak bisimulation between A and B.








Proposition 4.6 The graph of a function f : A B is a weak bisimulation
between F -coalgebras A and B if and only if f is a weak homomorphism from
A to B.
Proof. By the corresponding property in Rel
O
. 2
Corollary 4.7 Every strong homomorphism is a weak homomorphism.
Proof. Let f : A B be a homomorphism from A to B. Then grf(f) is
a strong bisimulation between A and B, by Proposition 4.4 grf(f) is a weak
bisimulation between A and B. Finally Proposition 4.6 shows that f is a weak
homomorphism from A to B. 2
Proposition 4.8 The composition of two weak bisimulations is a weak bisim-
ulation. The inverse of a weak bisimulation is a weak bisimulation. The union
of bisimulations is a bisimulation.
Proof. By the corresponding properties in Rel
O
. 2
Corollary 4.9 For every coalgebra A, there exists the greatest weak bisimu-
lation 
A
on A, and it is an equivalence relation.
Example: Weak bisimulation of labelled transition systems
We shall now show that for LTS's the notions of weak bisimulation according
to Denitions 2.1 and 4.3 coincide with respect to the appropriate choice of
the observer. The setting-up of the environment and the proof proceed in
several steps.
The natural accessor and the induced skip.
Recall that a labelled transition system over L with set of states A can
be modeled by a coalgebra A for the relator F (X) = P(L  X) by letting




g. Recall also that by  2 L we denote the hidden
action of the system and that O = Lnfg is the set of observable actions. We
shall dene accessors 
X
 F (X)X by hU; xi 2 
X
if and only if h; xi 2 U .
Then the skip relation induced by  is precisely ). (Note that O in this








Consider the functor G(X) = OX and let 
X
: XP(LX)! OX
be dened by hhy; Ui; hl; xii 2 
X
if and only if hl; xi 2 U . It is easy to see that
 is natural with respect to functions, and that 
X
is epi in Rel for X 6= ;,
hence  : G 4 Id  F . The observable part of a coalgebra A = hA;i with









)) Æ hid; i Æ 
A
. As the
following lemma shows, this divisor observes the transitions from O. We will





from Denition 2.1 are fullled
by some relation. The proof is rather technical and shall be omitted.
Lemma 4.10 hx; hl; yii 2 
o
G






For the second divisor, take the identity functor H(X) = X and dene

X
: X  P(LX) ! X by hhy; Ui; xi 2 
X
if and only if y = x. Since 
X
is just the graph of the rst projection it is obviously natural with respect to
functions. The observable part of a coalgebra with respect to this divisor is
constructed as usual, and we are going to show that, strange as it may seem,
this divisor \observes the silent action ":
Lemma 4.11 hx; yi 2 
o
H
if and only if x) y.











. From hx; yi 2 
o
H
it follows that there exist u, u
0
, V and W such that
hx; ui 2 
A
; that is x) u
hu; hu; V ii 2 hid; i; that is (u) = V
hhu; V i; hu
0







;W i; yi 2 
A
:
So, x) u) u
0
= y, whence x) y.
(: The canonical skip relation 
A
is reexive, so hx; xi 2 
A
. Let
V := (x), let Y := fhl; hp; qii : hl; pi 2 V and hp; qi 2 
A
g and put
W := F (
2





and hhy;W i; yi 2 
A










) from Denition 2.1 are fullled by some relation.
Proposition 4.12 For labelled transition systems specied as above, the no-
tions of weak bisimilarity according to Denition 4.3 for the observer O =
hG;H; ; ; i and Denition 2.1 are equivalent.
Proof. ): Let  be a weak bisimulation between coalgebras A and B ac-









:  ! G() = O   and 
2




























































for some l 2 O and
some a
0



































































i 2  by construction.
(L
2






(: Suppose  is a weak bisimulation between coalgebras A and B ac-
cording to Denition 2.1 and dene relations 
1
:  ! G() = O   and

2


































i 2 , a ) a
0
and b ) b
0
. Then we have to show that the dia-










other equalities follow by similar arguments.



















. Since  satises the requirements


















































. From the denition of 
1
it




















Labelled transition systems with attributes.
We shall now demonstrate the exibility of the \modular" denition of the
observer represented by the possibility to supply a family of divisors, and show
how to reuse the observer introduced above and to modify it so as to cover the
notion of a labelled transition system with attributes (LTS+A) which extends
the notion of LTS.
Let At be a set of observable attributes of states. LTS+A is an LTS where
additionally at every state a subset of At can be observed. So, every LTS+A







in the obvious way.
For a state q and c 2 At, by q " c we denote that in the state q one can
observe the attribute c. By x)" c) y we denote that starting from a state x
there exists a possibly empty sequence of  -transitions that takes the system
to a state in which one can observe the attribute c, and from that state a
possibly empty sequence of  -transitions leads to the state y.
Denition 4.13 Let Q and Q
0
be two LTS+A with the set of transitions L
and the set of attributes At. Then   QQ
0
is a weak bisimulation between










) from Denition 2.1
the following two requirements are satised:
(L
3
) if ha; a
0




such that hb; b
0












Dene , G, , H and  analogously to those for the LTS but so that they
pay no attention to the attributes. Let us now introduce the third divisor,
that takes care of the observable attributes. Let N(X) = At X and dene

X
: XP(At)P(LX)! AtX by hhx;C; Ui; hc; yii 2 
X
if and only if
c 2 C and x = y. Then one can easily show the following property of hN; i.
Lemma 4.14 hx; hc; yii 2 
o
N
if and only if c 2 At and x)" c) y.
Proposition 4.15 For the observer O = hG;H;N; ; ; ; i, and for labelled
transition systems with attributes specied as above, the notions of weak bisim-











) are handled as in the proof of





) are handled by similar reasoning,
using Lemma 4.14. 2
Remark 4.16 Obviously, we dened the observable part of a coalgebra in a
way, such that the denition of weak bisimulation gives { for the right choice of
the divisors { exactly the denition of weak bisimulation for labelled transition
systems. However, many of the statements above and below hold for dierent
denitions of the observable part of the coalgebra.




, given a coalgebra































the one above, then the resulting denition of \weak bisimulation" corresponds
to delay bisimulation (see e.g. [13])
4.3 Weak Coinduction
In this subsection we show that two states in the state space of a F -coalgebra
are weakly bisimilar if and only if they are mapped to the same element of a
factor of the observable part of the nal F -coalgebra. Of course, the whole
development requires that the type functor F has a nal coalgebra.
Proposition 4.17 Let F be a relator and let O be an observer for F .
(1) For every F -coalgebra A and every weak bisimulation equivalence , we
can factor A
o
by  and obtain a Rel
O
-coalgebra.
(2) Let A and B be Rel
O
-coalgebras and f : A! B a Rel
O
-homomorphism.
If   A
2
is a bisimulation on A, then f() = fhf(a); f(b)i : ha; bi 2 g
is a bisimulation on B.
Proof. (1): Let A be an F -coalgebra and  the greatest weak bisimulation





is isomorphic to Set
PÆO
,  is the greatest (usual)
bisimulation on A
o
understood as a functional P ÆO-coalgebra. By denition,
O preserves weak pullbacks, and so does P ÆO. Therefore  is a bisimulation
equivalence and we can construct the factor of A
o









, this coalgebra is also a relational O-coalgebra.










observable part, and let  be the greatest weak bisimulation on .
Theorem 4.18 For every F -coalgebra A there exists a unique Rel
O
{homo-




=. The homomorphism w has the following prop-













Proof. Existence. Let h : A !  be the unique F -homomorphism from A




and hence a Rel
O









onto its factor 
o
= and put w := s Æ h.









and from the fact that O preserves
weak pullbacks it follows that 
o
= is simple in Rel
O
, i.e. every bisimulation
on 
o
= is contained in the equality on the carrier, see [12]. Hence, for every
coalgebra fromRel
O





cf. the very same paper.








i 2 kerw, so it suÆces to
show that kerw is a weak bisimulation on A. But this is straightforward: w
is a Rel
O
-homomorphism, so kerw is a bisimulation on A
o
, and by denition,




























). Let  be a weak
bisimulation on A (that is, a usual bisimulation on A
o



































The previous theorem establishes the weak coinduction proof principle:
Two states a and b of a coalgebra A are weakly bisimilar if and only if they
have equal observable behaviour. This behaviour is obtained by factoring
the observable part of the nal coalgebra by its greatest weak bisimulation.
It is intuitively clear that 
o












\nal" object will be discussed elsewhere.
In [11] Rutten put the weak coinduction proof principle to good use: he
proves that operational semantics and denotational semantics of a simple pro-
gramming language with while-constructs coincide. The weak coinduction
proof principle and the \nal" object constructed above will also help when
considering logics for weak bisimulation, but this is a future topic.
5 Conclusions
In this paper we addressed a missing link between the theory of coalgebras and
the theory of systems. Following a motivating remark from [11], and earlier
work in [8], we developed parts of a general theory of weak bisimulation and
weak coinduction. We showed that our notion of weak bisimulation for coal-
gebras is able to capture the original notion of observation equivalence from
[5], and it is obvious that earlier approaches from [11] and [8] are generalised
as well.
Our paper also gives rise to a number of questions. Most importantly,
we did not supply a coalgebraic logic that provides a logical characterisation
of weak bisimilarity. Also, and possibly related to the open logical char-
acterisation, the \nality" of the factor of the nal coalgebra needs further
investigation.
As it has been pointed out, by altering some denitions, it is possible to
dene alternative notions of bisimulations. A further generalisation of our
approach could capture a whole set of observation equivalences in the sense
of [13]. Together with a logical characterisation of the resulting equivalence
notions this might lead to new insights in process algebra.
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